Abstract. In this paper, we introduce a notion of rational α-Geraghty contractive mapping in the setting of metric space and establish some fixed point theorems for such maps and give a suitable example to illustrate our results.
Introduction
It is well known that contractive mapping principle, formulated and proved in the Ph.D. dissertation of Banach in 1920, which was published in 1922 , is one of the most important theorems in nonlinear analysis. A number of authors have improved, generalized and extend this basic result either by defining a new contractive mapping in the context of a complete metric space or by investigating the existing contractive mappings in various spaces.
In 1973, Geraghty [6] introduced an auxiliary function by the generalization of Banach contraction principle in complete metric space. Later on, many researchers [2-3, 8, 11-12] characterized the results of Geraghty in different spaces. In particularly Amini-Harandi and Emami [1] characterized the results of Geraghty in the context of partial order metric space. Caballero et al. [4] discussed the existence of best proximity type Geraghty contraction. Recently, Samet et al. [14] , established remarkable fixed point results by define the notion of α − ψ contraction mapping. Very recently, Karapinar and Samet [9] introduced the concept of generalized α − ψ contractive mapping and also established fixed point theorems for such mapping and listed some of the consequence of their main results.
The motivation of above development Cho et al. [5] introduced the concept of α-Geraghty contraction type map in the setting of metric space. After ward, Ovidiu Popescu [13] generalized the result obtained in [5] and established the existence and uniqueness of fixed point theorems of α-Geraghty contraction type map in complete metric space. Definition 1.1. Let T : X → X be a map and α : X × X → R be a function, then T is said to be (a) an α-admissible if α(x, y) ≥ 1 implies α(T x, Ty) ≥ 1 [14] .
(b) an α-admissible map is said to be triangular α-admissible map, if α(x, z) ≥ 1 and α(z, y) ≥ 1 implies α(x, y) ≥ 1 [10] .
(d) a triangular α-orbital admissible if α(x, y) ≥ 1 and α(y, Ty) ≥ 1 implies α(x, Ty) ≥ 1 [13] .
Remark: It is very clear that every α -admissible mapping is an α-orbitally admissible mapping and also every triangular α -admissible mapping is a triangular α-orbital admissible mapping, its converse is not hold [13] . Lemma 1.1.
[10] Let T : X → X be a triangular α-admissible map. Assume that there exists x 1 ∈ X such that α(x 1 , T x 1 ) ≥ 1. Define a sequence {x n } by T n+1 = T x n , then we have α(x n , x m ) ≥ 1 for all m, n ∈ N with n < m.
Let T be the family of all functions β : [0, ∞) → [0, 1) which satisfies the condition lim n→∞ β (t n ) = 1 implies lim n→∞ t n = 0.
By using the auxiliary function β ∈ T , Geraghty [6] introduced an interesting contraction and investigated the existence and uniqueness of such mappings. Theorem 1.2.
[6] Let (X, d) be a complete metric space and let T be a mapping on X. Suppose that there exists β ∈ T such that for all x, y ∈ X,
Then T has a fixed point z ∈ X and {T n x} converges to z.
) be a metric space and α : X × X → R be a function. A map T : X → X is called a generalized α-Geraghty contraction type map if there exists β ∈ T such that for all x, y ∈ X,
where M(x, y) = max{d(x, y), d(x, T x), d(y, Ty)}.
The aim of this work:
In this paper, we introduce the concept of rational α-Geraghty contractive mapping and establish some fixed point theorems in a complete metric space. We give an example to illustrate our result and consider an application of our result in the area of ordinary differential equations.
Main Results
Let (X, d) be a metric space and α : X × X → R be a function. A self map T on X is called a rational α-Geraghty contractive mapping if there exists β ∈ T such that for all x, y ∈ X,
where
Theorem 2.1. Let (X, d) be a complete metric space , α : X × X → R be a function, and let T be a self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a triangular α-orbital admissible mapping;
Then T has a fixed point z ∈ X and {T n x 1 } converges to z.
Proof. Let x 1 ∈ X be such that α(x 1 , T x 1 ) ≥ 1. A sequence {x n } in X defined by x n+1 = T x n for n ≥ 1 and T is rational α-Geraghty contractive mapping. If x n(0) = x n(0)+1 for some n(0) ≥ 1, then it is easy to observe that x n 0 is a fixed point of T . Hence, we suppose that x n = x n+1 for all n ≥ 1. By above Lemma 1.1 we have α(x n , x n+1 ) ≥ 1 for all n ≥ 1. Then we consider
which is a contradiction. Then we have
Thus, the sequence {d(x n , x n+1 )} is positive and decreasing. Therefore, there exists r ≥ 0 such that lim n→∞ d(x n , x n+1 ) = r. We will show that r = 0.
Suppose, r > 0. Then we have
On taking limits as lim
Now, we have to show that {x n } is a Cauchy sequence. Suppose assume that {x n } is not a Cauchy sequence. Then there exists ε > 0 such that, for all k
Let m(k) be the smallest positive number satisfying the conditions
On taking limits k → ∞, we have
By the using triangular property, we have
Taking limits as k → ∞ and (2.4), we have
With using triangular property and using (2.4), we get
By Lemma 1.1, we have α(x n(k) , x m(k)−1 ) ≥ 1, and by using (2.2)-(2.5),
Clearly, we deduce that
From (2.6), we have
Letting k → ∞, we conclude that
Hence, ε = 0, which is a contradiction. Thus, we get that {x n } is a Cauchy sequence. Since X is a complete metric space, it follows that there exists z = lim n→∞ x n ∈ X. By the continuity of T, we get lim n→∞ T x n = T z, and so z = T z, which means that z is a fixed point of T .
With the inspiration of the paper [5] , in the following theorem, we replace the continuity of the operator T by a suitable condition.
Theorem 2.2. Let (X, d) be a complete metric space, α : X × X → R be a function, and T be a self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(2) there exists x 1 ∈ X such that α(x 1 , T x 1 ) ≥ 1;
(3) if {x n } is a sequence in X such that α(x n , x n+1 ) ≥ 1, ∀n and lim n→∞ x n = x(∈ X), then there exists a subsequence {x n (k)} of {x n }such that α(x n(k) , z) ≥ 1, ∀k.
Proof. From the proof of Theorem 2.1, we conclude that the sequence {x n } define by x n+1 = T x n for n ≥ 1. converges to z ∈ X. From the condition (3) we deduce that there exists a sub sequence {x n k } of x n such that α(x n k , z) ≥ 1, ∀k. From (2.1), we have
Suppose that d(z, T z) > 0, for k large enough, we have
Hence d(z, T z) = 0, a contradiction. Therefore T z = z.
For the uniqueness part of a fixed point of rational α-Geraghty contractive mapping. We consider the following hypothesis.
(A) for all x, y are two fixed points of T , there exists w ∈ X such that α(x, w) ≥ 1 and α(y, w) ≥
1.
Theorem 2.3. Adding additional hypothesis (A) in Theorem 2.1(resp. Theorem 2.2), we obtain that z is the unique fixed point of T .
Proof. From Theorem 2.1(resp. Theorem 2.2), we obtain that z is a fixed point of T . Now we show that z is a unique common fixed point of T . Suppose z is another fixed point of T i.e., (z = z ). By the condition (A), there exists w ∈ X such that
Since T is satisfying the condition (2.1) of Theorem 2.1(resp. Theorem 2.2), we get
By Theorem 2.1(resp. Theorem 2.2), we deduce that the sequence {T n w} converge to z * of T .
Letting n → ∞ in the above inequality, we get lim n→∞ M(z, T n w) = d(z, z * ). If we suppose that z = z * , then we obtain
M(z,T n w) ≤ β (M(z, T n w)), from above inequality and taking limits as n → ∞, we have lim Rest of all possible cases vanishes easily (in these cases α(x, y) = 0). Therefore all the hypotheis of Theorem 2.1 satisfied and 0 is unique fixed point of T . Corollary 2.1. Let (X, d) be a complete metric space , α : X × X → R be a function, and T be self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is a α-orbital admissible mapping;
Then T has a fixed point z ∈ X and {T n x 1 } converges to z. Corollary 2.2. Let (X, d) be a complete metric space, α : X × X → R be a function, and T be self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(2) there exists x 1 ∈ X such that α(x 1 , T x 1 ) ≥ 1; (3) T if {x n } is a sequence in X such that α(x n , x n+1 ) ≥ 1, ∀n and lim n→∞ x n = x(∈ X) then there exists a subsequence {x n (k)} of {x n }such that α(x n(k) , z) ≥ 1; ∀k.. Then T has a fixed point z ∈ X and {T n x 1 } converges to z.
α-orbital attractive mappings
Definition 3.1.
[13] Let T : X → X be a map and α : X × X → R be a function. Then T is said to be α-orbital attractive if α(x, T x) ≥ 1 implies α(x, y) ≥ 1 or α(y, T x) ≥ 1, for every y ∈ X. Theorem 3.2. Let (X, d) be a complete metric space, α : X × X → R be a function, and T be a self map on X and satisfying (2.1). Suppose that the following conditions are satisfied :
(1) T is α-orbital admissible mapping; (2) there exists x 1 ∈ X such that α(x 1 , T x 1 ) ≥ 1; (3) T is α-orbital attractive, we have Then T has a fixed point z ∈ X and {T n x 1 } converges to z.
Proof. Proof is same lines up to (2.5) in Theorem 2.1.
Since α(x n(k)−1 , x n(k) ) ≥ 1, and T is α-orbital attractive, then we have
Now two cases are arises, (a) there exists an infinite subset I of N such that α(x n(k)−1 , x m(k)−1 ) ≥ 1 for every k ∈ I,
Case (a):
On taking k → ∞, k ∈ I and using (2.2)-(2.6) we deduce that
Then from (3.1), we get
Letting k → ∞, we conclude that lim n→∞ β (M(x n(k)−1 , x m(k)−1 )) = 1, which yields that lim k→∞ β (M(x n(k)−1 , x m(k)−1 )) = 0. Since β ∈ T , then,ε = 0, which is a contradiction.
On taking k → ∞, k ∈ J and using (2.2)-(2.6) we deduce that
Then from (3.2), we have
Letting k → ∞, we conclude that lim n→∞ β (M(x m(k)−1 , x n(k) )) = 1, which yields that lim k→∞ β (M(x m(k)−1 , x n(k) )) = 0. Since β ∈ T , then,ε = 0, which is a contradiction. Thus, we get that {x n } is a Cauchy sequence. Since X is a complete metric space, it follows that there exists z = lim n→∞ x n ∈ X. By the continuity of T , we get lim n→∞ T x n = T z.
Finally we have to show that z = T z. we assume that z = T z.
Since T is α-orbital attractive, for every n ≥ 1 such that
Hence, there exists a subsequence {x n(k) } of {x n } such that α(x n , z) ≥ 1 or α(z, x n ) ≥ 1, for all k ≥ 1.
In the first case of (3.3), we get
we have
Since β ∈ T , we have
which is a contradiction. With the same procedure we will get z = T z easily in the second case of (3.3) also.
Uniqueness: Suppose w and z are two distinct fixed points of T , from the hypothesis, we get
Hence, there exists a subsequence {x n(k) } of {x n } such that α(x n(k) , w) ≥ 1 or α(w, x n(k) ) ≥ 1, for all k ≥ 1. Then, choose any one in (3.4)(follow same procedure if we choose second one in (3.4)), we get
a contradiction. Therefore T has a unique fixed point in X. .
Application in ordinary differential equations
We consider the following boundary value problem to Fredholm integral equation; Thus, α(x, y) = 1 and α(y, z) = 1 implies α(x, z) = 1 for all x, y, z ∈ C(I). If α(x, y) = 1 for all x, y ∈ C(I), then η(x(t), y(t)) ≥ 0, we obtain that η(Ux(t),Uy(t)) ≥ 0, and so α(Ux,Uy) = 1.
Obviously, T is triangular α-admissible. let z be a lower solution of equation (2.1). In [7] we have derive z = Uz.
